We find exponentially many exact quantum many-body scar states in a two-dimensional PXP model -an effective model for a two-dimensional Rydberg atom array in the nearest-neighbor blockade regime. Such scar states are remarkably simple valence bond solids despite being at effectively infinite temperature, and thus strongly violate the eigenstate thermalization hypothesis. Given a particular boundary condition, such eigenstates have integer-valued energies. Moreover, certain charge-density-wave initial states give rise to strong oscillations in the Rydberg excitation density after a quantum quench and tower-like structures in their overlaps with eigenstates.
Recent progress in cold atom experiments have enabled a wealth of fascinating physics, ranging from the realization of long range entangled states [1] [2] [3] to the exploration of new dynamical regimes [4] [5] [6] . In particular, a recent experimental observation [7] of anomalous dynamics in a Rydberg atom chain has spurred significant interest in what is now known as quantum many-body scar states . Long time evolution with a generic chaotic Hamiltonian is expected to asymptote to nearly featureless states, as local observables approach their thermal expectation values. In sharp contrast, systems with quantum many-body scars exhibit atypical dynamics such as strong oscillations in local observables or nonthermal behavior at long times after a quench from some simple product states.
Underlying this phenomenology is an unusual interplay between non-ergodic and ergodic features. The eigenstates of a generic chaotic Hamiltonian are expected to satisfy the eigenstate thermalization hypothesis (ETH) [44] [45] [46] , i.e., the expectation values of local observables will be dictated by the thermal ensemble at temperature set by the eigenstate energy. In contrast, quantum many-body scar states are exceptional eigenstates at finite-energy density that do not satisfy ETH. Unlike many-body localized Hamiltonians [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] , such scar states coexist with other eigenstates that appear to satisfy ETH. Hence, systems with scars constitute a distinct intermediate regime between complete localization and complete ergodicity.
An archetypical example is the one dimensional (1d) effective model for the nearest-neighbor blockaded Rydberg atom chain. In this 1d model, Refs. [10, 11] numerically found (nonexact) scar states, proposed to be responsible for the strong oscillatory dynamics observed in the experiment [7] after a quench from a charge-densitywave state. Subsequently, Ref. [14] discovered several exact scar eigenstates with manifestly nonthermal properties (e.g. area law scaling of entanglement) and suggested that the numerical scars can be approximated as quasiparticle excitations on the exact scar states.
Motivated by experimental progress in realizing two dimensional (2d) Rydberg atom array [58] [59] [60] , in this work we show that the 2d effective model describing the nearest-neighbor Rydberg-blockaded array also exhibits scar states and anomalous dynamics, with both similarities and important differences from the 1d model. For the model on a square lattice with periodic boundary conditions, we find exponentially many exact scar eigenstates at finite energy density which are remarkably simply product states of dimers [valence bond solids (VBS)]. With a particular open boundary condition, we find entire towers of exact low-entangled eigenstates with integer-valued energies, thus giving rise to strong oscillations with integer frequency upon quenching from a charge-density-wave initial states.
Setup and model.-Consider a Rydberg atom system on a lattice where each site can be either in the atomic ground state |0 or Rydberg excitation |1 , described by the Hamiltonian
where X i = |1 0| + |0 1|, n i ≡ |1 1|, and ∆ i is the strength of the detuning laser at site i. V i,j = V (R ij /a) describes the van der Waals interaction between the Rydberg atoms, with the potential V (x) = C 6 /x 6 , where R ij = | r i − r j | and a is the lattice constant. (Throughout this paper, we use units a = 1 and = 1, and set Ω = 1 as the energy unit.) In the regime where the nearest-neighbor interaction V (1) Ω, namely the nearest-neighbor Rydberg blockade regime, we can consider the constrained Hilbert space where no nearest-neighbor excitations |1 are allowed. Projecting to this constrained Hilbert space and truncating the longer range interactions (and ignoring the detuning laser ∆ i = 0), one obtains the effective model:
where the projector P j ≡ |0 0| j ensures the nearest neighbors of the i-th atom are in the atomic ground state. This is called the "PXP" model in 1d, and we will continue to use that name in 2d.
In addition to the lattice symmetries, Eq. (2) has particle-hole spectrum symmetry: the unitary
Thus every eigenstate |E with energy E = 0 has a corresponding eigenstate C|E with energy −E.
Square lattice.-First we consider H defined on a square lattice with sites labeled { r = (r x , r y )|r x(y) = 0 . . . L x(y) −1}, where dimensions L x and L y are even integers. In Fig. 1 , we show the level-spacing statistics of H on a 6×6 square lattice with periodic boundary condition (PBC) in the (K x , K y ) = (0, 0) momentum sector and (I x , I y , I xy ) = (1, 1, 1) reflection symmetry sector. [The reflections are defined as I x : (r x , r y ) → (L x −r x −1, r y ) and I y : (r x , r y ) → (r x , L y − r y − 1). When L x = L y and I x = I y , one can also assign a quantum number for I xy : (r x , r y ) → (r y , r x ).] The statistics is obtained from the unfolded spectrum with eigenindex n ∈ [D/4, D/2] excluding the degenerate states, where D is the dimension of the Hilbert space in the symmetry sector. The apparent Wigner-Dyson statistics suggests that the Hamiltonian is not integrable. Note that, as shown in the inset, the density of states has a peak at E = 0; this degeneracy is protected by particle-hole and lattice symmetries [10, 11, 16] . In addition, the density of states exhibits peaks around some integer-valued energies.
Despite the Wigner-Dyson statistics, we show below that there are simple exact eigenstates in the E = 0 manifold with area law entanglement. Define the two sublattices A(B) = { r|r x +r y ∈ even(odd)}. We consider a "root" configuration with |0 on the entire B sublattice and dimers |χ r, s ≡ 1 √ 2 (|1 r |0 s − |0 r |1 s ) tiling the A sublattice as follows:
where A = {(2i, 2j)|i(j) = 0 . . . L x(y) /2−1}. The state |Φ A is depicted in Fig. 2 . It is straightforward to verify H|Φ A = 0. First we consider the terms X i j:Rij =1 P j for i ∈ B. By design of the dimer configuration, there is at least one excitation |1 on a nearest neighbor of i ∈ B, resulting in X i j:Rij =1 P j |Φ A = 0 for i ∈ B. Since the atoms in B are fixed to |0 , the remaining terms in the Hamiltonian are simply i∈A X i , and (X a + X a+(1,1) )|χ a, a+(1,1) = 0, and therefore H|Φ A = 0. By switching the roles of A and B we can construct the other root configuration
where
are zero energy eigenstates of H on a square lattice regardless of the boundary condition. Based on these two root configurations, we can construct exponentially many eigenstates given periodic or mixed boundary condition. Consider periodic boundary conditions along the x-direction (identifying (L x + r x , r y ) with (r x , r y )). We can independently "shift" each row of dimers along the x-direction, as depicted in Fig. 2 . Define the index {s j = ±1} denoting whether to shift (−1) or not (1) for each dimer row j = 0 . . . L y /2 − 1. The corresponding eigenstates are
Similarly, we can construct row-shifted configurations starting from the root configuration |Φ B :
Given periodic boundary conditions in the y-direction, one can analogously define "column-shifting" as depicted in Fig. 2 
and specify states |Φ
While these states are all eigenstates with energy E = 0, they are not all mutually orthogonal. However, we show in the Supplementary Material [61] that the set of states {|Φ A ; {s j } , |Φ B ; {s j } } is linearly independent (and in fact orthogonal in the thermodynamic limit).
The same applies to the states {|Φ
Therefore, there are at least 2 max(Lx,Ly)/2+1 linearlyindependent exact scar states. (We note that they do not exhaust the entire E = 0 manifold.)
Note that these exponentially many states are all at effectively infinite temperature, yet they exhibit VBS order breaking translation invariance and have area-law entanglement (n ln 2 where n is the number of dimers intersecting the bipartition).
Rotated square lattice.-We next consider H on a square lattice with boundaries cut at 45 degrees with respect to the lattice axes. We refer to this geometry as the rotated square lattice, see Fig. 2 
Interestingly, H on such a lattice geometry has degenerate eigenstates at integer energies. For example, in the (L x , L y ) = (5, 3) system, there are degenerate eigenstates at E = ±5, ±3, ±1 and 0. Note that the degeneracies at E = 0 are not protected by the symmetries. The level-spacing statistics of the nondegenerate eigenstates with eigenindex n ∈ [D/4, D/2] for this geometry are also shown in Fig. 1 ; the statistics is described reasonably well by a semi-Poisson distribution, although this could be an artifact of finite size effects as in the 1d model [10] .
Specifically, in the inset of Fig. 1 , the spectrum exhibits even stronger clustering around the integer-valued energies, which may account for the semi-Poisson statistics.
It is possible that these clustered satellite states are only subextensive and therefore the statistics will approach Wigner-Dyson for larger system sizes. The nature and density of such satellite states is an intriguing question requiring further studies.
As in the regular square lattice, we can construct exact eigenstates on the rotated square lattice with integervalued energies. We again seek configurations which "freeze" B sites to |0 by having at least one neighboring dimer. Yet there are several differences between this rotated geometry and the previous case. In this case, the dimers need not entirely cover A, and residual A sites can be fixed to be |s x = ±1 = 1 √ 2 (|0 ± |1 ). Moreover, the dimer orientation has additional flexibility; for example, (1, 0), (0, 1), (1, 1) directions are all possible. Formally, given a dimer covering V (D) where D is the set of lattice sites covered by the dimers, define the states
whereD is the complement of D in A. Such an eigenstate has energy E = (n x+ − n x− ), where n x± is the number of |s x = ±1 's. We depict some examples in Fig. 2(b) . We again expect that these states probably do not exhaust the degeneracies observed numerically, yet we can show that there are at least O(2 max(Lx,Ly) ) such eigenstates [61]. Dynamical signatures.-Given these exact scar states on the rotated square lattice with integer-valued energies, we ask if any simple product state can have high overlap with these states and potentially lead to oscillations in quench dynamics. Indeed, we consider the charge-density-wave (CDW) state |CDW 1 ≡ r∈A |σ r b∈B |0 B , where |σ = 1 r when r = √ 2(n x , n y ) if n x +n y is even or |σ = 0 r if n x +n y is odd, as depicted in Fig. 3(a2) . Such a CDW state has overlap with states in the first and third categories depicted in Fig. 2(b) , for example.
In Fig. 3(a2) , we see oscillatory dynamics with angular frequency ω ≈ 2. Since |CDW 1 has overlap with the exact scar states we constructed earlier, the oscillatory dynamics is partially accounted for by the exact scar states. Figure 3(b2) shows the weight distribution of |CDW 1 over the eigenstates. It shows a similar tower structure as in the 1d PXP model, and also has relatively higher overlap with the integer-valued degenerate eigenspaces.
However, we stress that the overlaps between |CDW 1 and the scar manifold |V (D), {s x } is likely to approach zero in the thermodynamic limit L x , L y → ∞. For the first and third type of scar states in Fig. 2(b) , each dimer (and each |s x ) contributes 1/ √ 2 to the overlap; since there are O(aL x L y ) of them, the overlap with each state is O(2 −bLxLy ) with some constants a and b. However, the number of these exact scar states is likely to be only expo-nential in the linear dimension, resulting in a zero overlap in the thermodynamic limit. Nevertheless, for finite sizes, the overlap with the scar manifold |V (D), {s x } will be nonzero.
In Fig. 3(a2) , we also considered the evolution of |CDW 1 under the full Rydberg Hamiltonian H Ryd with C 6 = 4. We see that in system size 3 × 3, the exact and effective dynamics match up to t ≈ 18. Note that there will be a competition between the blockade-constraint and the longer-range interaction when using H Ryd to realize H. C 6 = 4 in this case seems to be ideal for comparing with H, and different C 6 will result in different overall Rydberg excitation density while still having a similar oscillation frequency.
On the other hand, quenching from |CDW 1 does not show strong oscillatory dynamics on both PBC and regular OBC square lattices. However, a different CDW state |CDW 2 = a∈A |1 a b∈B |0 b does show strong oscillatory dynamics. In Fig. 3(a1) , we show the Rydberg excitation density as a function of time ψ(t)|n|ψ(t) , wheren ≡ i n i /N with sizes (L x , L y ) = (8, 4) and (6, 6) . It exhibits strong oscillations with angular frequency ω ≈ 2.5. Examining the weight distribution of |CDW 2 on the eigenstates of H as shown in Fig. 3(b1) , we see a set of towers almost equally spaced in energy, similar to that of the 1d PXP model. Note that the oscillation frequency is given by roughly twice the energy spacing between the towers, because the towers are in different symmetry sectors alternating between (I x , I y , I xy ) = (1, 1, 1) and (I x , I y , I xy ) = (−1, −1, 1) consecutively. The state |CDW 2 does not have overlap with the exact scar states |Φ A ; {s j } etc, however, and thus understanding such oscillatory dynamics requires further studies.
Entanglement entropy and testing ETH.-The anomalous tower structure in the overlaps between the eigenstates and the CDW states warrant a further examination of the properties of the eigenstates. In Fig. 4 , we study the entanglement entropy and a test of ETH in the nondegenerate eigenstates in the PBC square and OBC rotated square lattice.
We first discuss the eigenstates on a 6 × 6 PBC square lattice in the symmetry sectors (K x , K y , I x , I y , I xy ) = (0, 0, 1, 1, 1) and (π, π, −1, −1, 1). In Fig. 4(a1) , we see that the entanglement entropy of the majority of the eigenstates (with the bipartition specified in the figure) seems to depend smoothly on the energy, with some apparent outliers showing signs of ETH violation. The same holds for the expectation value of the Rydberg excitation densityn = i n i /N of the eigenstates (Fig. 4(b1) ). In fact, we observe that the eigenstates at E = ±2 are clearly outliers, and the wavefunction display a more intricate translation symmetry breaking pattern than our dimer constructions. We also note that on an OBC square lattice, all the nondegenerate eigenstates in the middle of the spectrum do not show clear signatures of | CDW2⟩ 6×6 = ⟨ψ(t) |n | ψ(t)⟩ (a1) Square Lattice (PBC) (a2) Rotated Square Lattice (OBC) 
ETH violation [61].
The (nondegenerate) eigenstates on a rotated square lattice show even more striking behavior. In Fig. 4(a2) , towers of the eigenstates near the integer energies show anomalously low entanglement entropy; Figure 4 (b2) clearly shows that these states are also outliers in the ETH test with the Rydberg excitation observable. These energies correspond to the peaks in density of states in Fig. 1(b) .
Conclusion.-We showed several striking similarities and differences between the 2d PXP model and the 1d PXP model. In the 2d PXP model, there are exact scar states which are ideal VBS states, even simpler than those of the 1d model [14] . Such constructions can be generalized to higher dimensional PXP model [61] . In addition, the CDW quench dynamics also show strong oscillations and revival signatures, as in the 1d model, and this phenomena can be observed in near-term Rydberg atom experiments with 2d arrays.
However, the 2d model exhibits a sharp dependence on boundary conditions not seen in the 1d counterpart. In particular, the rotated square lattice geometry contains exact scar eigenstates at integer-valued energies, and this energy spacing is manifest in the frequency of the anomalous oscillations in quench dynamics.
Moreover, unlike in the 1d model, the degree of ETH violation for states other than the exact scars seems to greatly depend on the boundary conditions and lattice 
and
where {s j = ±1} is the collection of the "shifting index", A = {(2i, 2j)|i(j) = 0 . . . L x(y) /2−1} and B = {(2i, 2j + 1)|i(j) = 0 . . . L x(y) /2−1 }. Now to calculate the overlap of |Φ A ; {s j } and |Φ A ; {s j } , consider the dimer row j, if s j = s j , the contribution of this row to the overlap will just be 1; if s j = s j , the contribution will be 2 · 2 −Lx/2 . The matrix elements of the 2 Ly/2 × 2 Ly/2 overlap matrix is therefore
which is equivalent to
where I 2×2 is a 2 × 2 identity matrix. We therefore obtain det(G) = [1 − 4 · 2 −Lx ] Ly/2 = 0, when L x > 2. In other words, |Φ A ; {s j } 's are linearly independent. In the thermodynamics limit L x → ∞, |Φ A ; {s j } 's are in fact orthogonal to each other. Moreover, since |Φ A , {s j } and |Φ B , {s j } are orthogonal, we have at least 2 · 2 Ly/2 exact E = 0 scar states if we have periodic boundary conditions in the x directions. The same argument also applies if we exchange x ↔ y. If we have periodic boundary conditions in both directions, from the previous analysis, we see that there are at least 2 max(Lx,Ly)/2+1 linearly independent eigenstates. Notice that in this case, two extra root configurations can be considered:
where A = {(2i, 2j) + (1, 1)|i(j) = 0 . . . L x(y) /2−1} and B = {(2i + 1, 2j)|i(j) = 0 . . . L x(y) /2−1 }. Starting from these configurations, we can also perform column and row shifting, obtaining many more states. However, notice that when we shift all columns(rows) starting from these new root states, we arrive at the same states as shifting all rows(columns) starting from the original root states. Therefore, there are 2 · (2 Lx/2 + 2 Ly/2 − 2) states defined on the A sublattice. In the thermodynamic limit L x , L y → ∞, these states are all orthogonal to each other. We checked that for the L × L square lattice that these 4 · (2 L/2 − 1) states are actually linearly independent for small system sizes L = 4, 6, 8, 10. 
RESULTS ON THE SQUARE LATTICE WITH OPEN BOUNDARY CONDITION
Here we discuss the results on the square lattice with OBC. In Fig. S1(a) , we studied the quench dynamics starting from the charge-density-wave state |CDW 2 = a∈A |1 a b∈B |0 b on a OBC square lattice of size L x × L y with open boundary condition and evolving under H. We show the Rydberg excitation density as a function of time ψ(t)|n|ψ(t) , wheren ≡ i n i /N with sizes (L x , L y ) = (4, 4) and (6, 4) . It exhibits strong oscillations with angular frequency ω ≈ 2.5. Examining the weight distribution of |Z 2 on the eigenstates of H as shown in Fig. S1(b) , we see a set of towers almost equally spaced in energy, similar to that of the 1d PXP model. Note that the oscillation frequency is given by roughly twice the energy spacing between the towers, because the towers are in different symmetry sectors alternating between (I x , I y ) = (1, 1) and (I x , I y ) = (−1, −1) consecutively.
In Fig. S1(c) , we see that the entanglement entropy of the eigenstates (with the bipartition specified in the figure) seems to depend smoothly on the energy. There are some outliers away from the middle of the spectrum, but this could be due to finite size effects. The same holds for the expectation value of the Rydberg excitation densityn = i n i /N of the eigenstates (Fig. S1(d) ). Despite the anomalous structure in the overlaps, the entanglement entropy and the Rydberg excitation density show no signs of ETH violation.
This behavior is certainly unlike the 1d model, the 2d PBC square lattice or the 2d rotated square lattice model. It is possible that a superposition of states in an energy window containing the high overlap states is required to construct a low entanglement state, which is a necessary consequence of approximate revivals in quench dynamics [S39].
EXPONENTIALLY MANY EXACT SCAR STATES ON A ROTATED SQUARE LATTICE
Here we show there are also at least exponentially many exact scar states on a rotated square lattice. 
where Q ≡ { √ 2(n x , n y )|n x + n y ∈ even; n x = 0 . . . L − 1} if L y is even. Now we see there are O(L x ) sites inD that one can freely assign |s x = ±1 . These states are apparently orthogonal and there are O(2 Lx ) of them. We therefore conclude that there are at least O(2 max(Lx,Ly) ) states of the type |V (D), {s x } described in the main text.
EXACT SCAR STATES OF THE PXP MODEL ON A CUBIC LATTICE
Based on the dimer construction on a square lattice, we can also construct exponentially many exact zero-energy states of the PXP model defined on a 3-dimensional cubic lattice even without periodic boundary condition. Consider a cubic lattice of size N = L x × L y × L z with L i even and open boundary conditions. The lattice sites are labeled by r = (r x , r y , r z ), where r i = 0, . . . , L i − 1. The sites are partitioned again into sublattices A = { r |r x + r y + r z ∈ even} and B = { r |r x + r y + r z ∈ odd}. For later convenience we also define A E = { r |r x,y,z ∈ even}.
Motivated by the eigenstates on a square lattice, we freeze the B sublattice by putting a state on the A sublattice that always have at least one |1 state adjacent to every site in B. We also need that the state on A to be annihilated by the PXP Hamiltonian H PXP .
First, consider the 2 × 2 × 2 fundamental cube C = { r |r i ∈ {0, 1}}. If two sites of the A sublattice are in |1 then the sublattice B is already frozen. Notice that in C, every point on the A sublattice is adjacent to all points in the B sublattice except for the diagonal point. This nonadjacent point is unique for each point in A ∩ C. Therefore all the points on B ∩ C are adjacent to at least one point of every two points in A ∩ C, which implies that any dimer covering on A sublattice will freeze the B sublattice to |0 . We then only need to find dimer states that are annihilated by the PXP Hamiltonian. In the B-frozen subspace, H PXP is just r∈A X r so it will annihilate any total spin S = 0 state (interpreting the two level systems as SU (2) variables). Guided by the usual decomposition of SU (2) representations:
there should be 2 different states that have total spin S = 0. In fact, one of them can be readily seen as a dimer state from the fusion of the SU (2) representation: 1 2 ⊗ 1 2 = 0 ⊕ 1 and then one of the total spin 0 representation is coming from 0 ⊗ 0. We write this state as |χ 0 = |χ 0, ex+ ey |χ ex+ ez, ey+ ez ,
where e i are the unit vectors in the i-th direction. While the other state can be found out by the similar procedure, we can in fact try to write down a different dimer state and see if they are linearly independent. Indeed, consider |χ 1 = |χ 0, ey+ ez |χ ey+ ex, ez+ ex , (S10) and we have χ 0 |χ 1 = − 1 2 . The total spin S = 0 space is therefore spanned by |χ 0 and |χ 1 . If we define |χ r,ω r by displacing |χ ω r by r, the new zero energy scar states are given by
(S11)
We can similarly define similar states by switching the A and B sublattices. As there are 2 states for each fundamental cube, there are in total N E=0,Scar-3D,OBC = 2 · 2 Lx Ly Lz 8
.
(S12) such states. Notice that even though we do not have the exact dimension of the PXP model on the cubic lattice, we have that 2 Lx Ly Lz +2 2 − 1 ≤ dimH (Lx,Ly,Lz) P XP ≤ 2 LxLyLz (S13)
for even L i . The lower bound comes from the states with a given a sublattice froze to state |0 and the minus one is to not overcount the state with all |0 's. The upper bound comes from the total dimension of the unconstrained Hilbert space.
